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Abstract 
Hansell, R.VI., Compact perfect sets in weak analytic spaces, Topology and its Applications 41 
(1991) 65-72. 
We define a very general class of analytic-like spaces, not necessarily completely regular, whose 
members have the property that they are either o-scattered or contain a compact perfect subset. 
The result immediately gives as corollaries three known “perfect subset heorems*’ due to Koumoul- 
lis, Mansfield, and Stegall respectively. 
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1. Introduction 
Recall that a topological space is said to be pea$est if it has no isolated points. 
In contrast, a space is said to be scatter& if every n-l?nerarpty subset has an isolated 
point, and is said to be o-scattered if it is a union of a countable number of scattered 
subspaces. Since the union of any collection of open, scattered subsets of a topologi- 
cal space is scattered (see Lemma 2.2 below), any space can be partitioned into a 
maximal open, scattered subset and a complementary closed perfect subset (possibly 
empty). From this it easily follows that any compact Hausdorff space is either 
scattered or else contains a nonempty compact perfect subset. 
The foregoing result easily extends to any F, subset of a compact Hausdorff 
space, except ‘%-scattered” must be used in place of “scattered”. Not nearly so 
obvious is the fact that this result is true for any Bore1 subset of a compact Hausdorff 
space. In fact, Koumoullis [4] has shown that this holds for any Souslin- 
in a compact Hausdorff space (that is, any set obtained from the 
of the Souslin operation). The Souslin-Bore1 sets in 2 co 
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are also called tech-analytic spaces, and these are known to coincide with the 
projections on X of tech-complete subspaces of the product space X X N”, where 
f+~ &notes the space of natural numbers with the discrete topology (see [a, 
Proposition 2.1; 21) l 
‘& aim of the present paper is to describe a very general class of “analytic” 
IIausdorff spaces each member of which has the property that it is either a-scattered 
or has a nonempty compact perfect subset. Our main result is sufficiently general 
to give as easy corollaries several known “perfect set theorems” due to Koumoullis 
[4], Mansfield [5], and a recent result of Stegall [8]. 
We begin by describing a generalization of Tech-complete spaces introduced by 
Michael [6] and recently studied in some detail by Telgarsky and Wicke [9]. Call 
a sequence (%,,) of covers of a space X complete if, whenever 9 is a filter base on 
X such that each %, has an element U,, containing some F E 9, then n{ F: FE 9) Z 
8. Frolik [3], and independently Arhangel’ski; [l], obtained the result that a com- 
pletely regular Hausdorff space is Tech-complete (that is, a Gs-set in every compac- 
tification) if and only if it has a complete sequence of open covers. Consequently, 
this condition also characterizes completely metrizable spaces from among the 
metrizable ones. Following Michael [6] let us call a (not necessarily open) cover % 
of a space X exhaustive if every nonempty S c X has a nonempty, relatively open 
subset of the form U n S with U E Q. It can be shown that an indexed cover ( Ua)aEA 
of a space X is exhaustive if and only if A can be well-ordered so that UaVsa UaV 
is open in X for each ar E A 16, Lemma 2.11. Consequently, if % = ( U,.Jacx is any 
open cover of X for a given ordinal A, then both % and ( uQ\ULyIKQ. U$)rrTr\ are 
exhaustive covers of X. 
Michael introduced the class of spaces having a complete sequence of exhaustive 
covers and showed that a metrizable space is completely metrizable if and only if 
it has such a sequence of covers 16, Theorem 1.31. The class of spaces having a 
complete sequence of exhaustive covers is known to be closed to subspaces that 
are either open or closed, to countable intersections, to continuous images under 
either an open or perfect map, and to countable products, among other more general 
operations given in [9]. Moreover, any scattered space X (hence any ordinal space! 
has a complete sequence (%,,) of exhaustive covers; one need only take %n = 
{{x}: xE X} for each n. 
Any Hausdorff space with a complete sequence of exhaustive covers will be called 
a cover-complete space (the term “partition-complete” is used in [9] for an equivalent 
concept). In analogy with Fremlin’s definition of a Tech-analytic space, we say that 
a Hausdorff space X is cover-analytic if there is a cover-complete subspace of X x Nrm 
which projects onto X. 
We can now state our main theorem. 
Theorem 1.1. Let f : X + Y be a continuous surjection for regular Hausdorff spaces X 
and Y, and suppose X is cover-analytic. If X has a non-o-scattered subset D such that 
f 1 D is one-to-one, then Y camsins a nonsmpry compact perfect set. Consequently, if f 
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takes a-scattered sets in X to u-scattered sets in Y, then either Y is u-scattered or Y 
contains a nonempty compact perfect set, and these conditions are mutually exc!usive. 
Koumoullis has shown that the projection map X x NN + X preserves o-scattered 
sets [4, Lemma 3.41, and so it will suffice to prove Theorem 1.1 under the additional 
assumption that X is cover-complete. As an immediate corollary to Theorem 1.1 
we have the following generalization of the above described result of Koumoullis 
for tech-analytic spaces ([4, Theorem 3.11). 
Corollary 1.2. A cover-analytic regular Hausdorff space X is either u-scattered or else 
contains a nonempty compact perfect set, and these conditions are mutually exclusive. 
A collection N of subsets of a topological space X is a network for X if every 
open set is a union of some subcollection of N. The smallest cardinal of some 
network for X is called the net weight for X. If X has net weight K, for some infinite 
cardinal K, and E c X is any set such that card(E) > K, then it is not difficult to 
show that E cannot be a-scattered (see 3.2 below). We thus obtain as a corollary 
to Theorem 1. I the following generalization of a result of Stegall (see [8, Theorem 
l] where the space X is assumed to be Tech-complete and have weight less than 
the cardinality of Y). 
Corollary 1.3. Let X be a cover-analytic regular HausdorJspace, Y a regular Hausdofl 
space, and let f : X + Y be a continuous surjection. If the cardinality of Y is greater 
than the net weight of X, then Y contains a nonempty compact perfect set. 
For an infinite cardinal K, we let K also denote the discrete space of this cardinality. 
Following Moschovakis we say that a subset S of a complete separable metric space 
X is a u-Souslin set if it is the projection to X of some closed subset of the product 
space X x K’ [7, p. 681. In Descriptive Set Theory the result that any fc-Souslin set 
with more than K points has a nonempty compact perfect subset is known as “The 
Perfect Set Theorem” [?, p# 79-J and is due to Mansfield IS]. The following generaliz- 
ation of this can easily be deduced from Coro?lgry 3,% above. 
CoroliaQ 11.4. Let X be a cover-analytic regular H~usdorff space having net weight 
at most K, for some in$nite cardinal K. If Y is the projection to X of some closed subset 
of the product space X x K N and Y has more than K points, then Y has a nonempty 
compact perfect subset. 
2. Some preliminary lemmas 
We begin by proving a technical emma which seems to be part of the folklore 
on complete sequences of covers. Let us call a filter base % of subsets of a topological 
space X complete if, whenever 9 is any filter base on such that for exh C E % 
there is some FE 9 with Fc @, then fi{ ES)B@. 
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Lemma 2.1. If % is a complete firter base on a regular Hausdorfl space X, then 
K = n{c: C E %) is a nonempty compact set such that, whenever K c U and U is 
open in X, then c c U for some C E %. 
Proof. Let @ be any collection of open sets in X containing all finite unions of its 
members and such that U n K # $3 for each U E ‘iu. We will show that, if no member 
of $1 contains K, then $1 is not a cover of K. 
Using the regularity of the space X, let r/’ be a collection of open sets in X such 
that VE ‘T implies vc U for some U E %, and K n l_JY” = K n U%. We may assume 
further that Y is closed to finite unions and that V n K # 0 for each V E T’. We 
have, for each VE 7r and C E %, 
VnC#@ and (X\V)nC#0, 
since this is true with K in place of the set C. It follows that 
$==((X\V)nC: VE?~ and CE %} 
is a filter base on X such that each C E Ce contains some member of 9. Consequently, 
we have 
s#n~F: FE s)cncx\v: Ve “Ir}n K. 
This shows that Y; and hence also %, is not a cover of K. Thus K is compact. 
Now suppose K c U for some open set rJ in X. By regularity there is an open 
set V with K c V and Vc U. Were C\ V # 0 for all C E %, it would follow that 
n{ C\ V: C E %} is a nonempty subset of K n (X\ V) which is impossible. It follows 
that&UforsomeCE%. Cl 
Lemma 2.2. If (Q&A is an exhaustive partition of the space X and Sa c Ua is 
scattered for each cy E A, then S = U(& : cy E A} is also scattered. It follows that the 
same result holds with the property o-scattered in place of scattered. 
Proof. By [6, Lemma 2.1) we may assume that A can be well-ordered so that the 
set G, = UaPGcr V,. is open in X for each Q! E A. Let E be any nonempty subset of 
S and let cu be the least index such that the set 
E,=EnS, 
is nonempty. Since Sa is scattered there is an open set W in X such that Wn E, 
is a singleton. But it is easy to see (in view of our choice of a) that 
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This shows that E has an isolated point, and proves that S is scattered. The part 
about a-scattered sets easily follows. 0 
Lemma 2.3. If X is a non-a-scattered space, then X contains an uncountable closed 
subset C such that each nonempty relatively open subset of C is non-o-scattered. 
Proof. This follows immediately from Lemma 2.2 upon taking C to be the comple- 
ment of the union of all open o-scattered subsets of X, since any open collection 
can be refined by an exhaustive partition of its union. Cl 
Using a measure-theoretic argument, it was shown in 14, Lemma 3.21 that no 
(completely regular HausdorfI) a-scattered space contains a nonempty compact 
perfect set. This can also be deduced from the following general result, which shows 
that the two alternatives in Theorem 1.1 are mutually exclusive. 
Lemma 2.4. Let X be a T, space with the property that each nonempty closed subspace 
has the Bake category property. Then X is u-scattered if and only if X is scattered. 
Hence no a-scattered T, space contains a nonempty compact perfect subset. 
Proof. Let X be a space with the given properties and suppose X is a-scattered. 
Since every nonempty closed subset of X has the Baire category property and is 
a=-scattered, to show that X is scattered it suffices to show that X has an isolated 
point. The foregoing properties of X imply that for some scattered set S c X we have 
u=int(S)#@. 
Since U n S Z 0 and S is scattered, there is an open set W in X such that 
Wn UnS={x}. 
It follows that 
(x}=m=, Wn U, 
since W n U n S is dense in W n U. Hence x is an isolated point of X. Cl 
3. The proof of 
Let f: X + Y be a continuous surjection for regular Hausdorff spaces X and Y, 
and suppose X is cover-analytic. We first assume that D is some non-u-scattered 
subset of X such that f 10 is one-to-one, and proceed to show this implies that Y 
has a nonempty compact perfect subset. 
Since X is cover-analytic, by definition there is a cover-compiete subspace 2 of 
X x NN which projects onto Since the projection map 
o-scattered sets [4, Lemma 3.41, it follows that no selector 
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be a-scattered. (Note that this uses the fact that the property of being a scattered 
set is purely intrinsic and does not depend on the containing space.) It follows that 
2 has a non-a-scattered subset 6 such that (g 0 ?~)ld is one-to-one, and so it suffices 
to prove that Y has a nonempty compact perfect subset under the assumption that 
X is cover-complete. 
Let (%k~ be a complete sequence of exhaustive covers for X. Since D is 
non-o-scattered, by Lemma 2.2 there is some Q,,E %, such that U,n D is non-a- 
scattered. By Lemma 2.3 the set U,n D has uncountably many points all of whose 
neighborhoods relative to U, n D are non-o-scattered. Using this, the fact that fi D 
is continuous and one-to-one, and the regularity of Y, we can find non-a-scattered 
sets I&, and D, such that 
DO, D1c V,n D and f(Do)nf(D,)=O. 
As Q2 is an exhaustive cover of Di for i = 0, 1, Lemma 2.2 implies there exists 
Ui E %* such that Ui n Di is non-a-scattered. Applying the same argument to each 
Ui n Di as was applied above to the set U, n D we can find non-a-scattered sets 
Die and Dil such that 
Die, DilC UinDi and f(Dio)nf(Dil)=@ 
Now we use Lemma 2.2 again to find sets ui4 E (4V3 with uii n Di non-g-scattered 
for i,j = 0,l. In this way we define for each finite sequence iln = il,. . . , in E (0, 1)" 
sets Diln and Uil,, with n = 0, 1, 2,. . . and il0 = 0, satisfying 
(1) Uiln E %*+I9 
(2) uil” n Diin is non-a-scattered (where Dg = D), 
(3) Diln+* c Vii, n Diln, and 
(4) f( Diln,O)n..ftDiln.l) =0= 
For each i E (0, 1)” we claim that the sequence ( Uil, n Diln)nEN is a complete filter 
base on X. It is clearly a filter base on X, since properties (2) and (3) imply that it 
is a decreasing sequence of nonempty sets. Suppose 9 is any filter base on X such 
that for each n there is some F, E 9 with 
Since WnL~ is a complete sequence of covers of X and Uil” E %,,+, by property 
(l), it follows that n{ F: F E 3) f 0. This shows that the filter base ( V,l” n Diln)nEN 
is complete. 
For each i E (0, 1)" let 
Ki = fi Vii, n Dil” 
n=O 
and let 
K=U( i: iE (0, 1)“); 
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The rule G(i) = Ki defines a set-valued map @ : (0, 1)” + X that is upper semi- 
continuous and compact-valued by Lemma 2.1. Hence the map f 0 @ : (0,l)” + Y is 
upper semi-continuous and compact-valued. Moreover, by property (4) above, we 
have 
fo@(i)nfo@(j)=0 
whenever i Zj. Note that the set f(K) is a nonempty compact subset of Y as the 
image of the compact space (0, 1)" under the mapf 0 @. Since the mapfo Qi preserve 
compact sets in general, it follows that the inverse map g :f( K) + (0, l}“, taking the 
constant value i on the set fo G(i), is continuous, and thus a perfect map. Hence 
there is a closed set C QK) which is minimal with respect to the property 
g(C) = (0, 1)". The space C is compact as a closed subset off(K), and we claim 
that C is a perfect set. For if { y } were open in C and belongs to $0 Q(i), then by 
the minimality of C we must have fo G(i) = {y}. But then 
{iI = m l)“\gw\{Yl), 
implying that i is an isolated point of the Cantor space (0, 1)” which is impossible. 
Hence C is the desired nonempty compact perfect subset of Y 
Now suppose f: X + Y takes o-scattered sets in X to a-scattered sets in Y. If Y 
is not u-scattered, then any selector D for the collection {J-‘(y): y E Y} is non-g- 
scattered. Hence, by the above, Y has a nonempty compact perfect subset. 
That the two conditions in the statement of Theorem 1.1 are mutually exclusive 
follows from Lemma 2.4. 
3.1. The proof of Corollary 1.2. This is an immediate consequence of Theorem 
1.1. cl 
3.2. The proof of Corollary .3. Let X be a cover-analytic regular HausdorfI space, 
Y a regular HausdorfI spat and let f: X + Y be a continuous urjection. Suppose 
A’ is a network for X such that the cardirlality of ,W is stsictly less than the cardinality 
of Y and where Y is uncountak, In view of TlIeortirn 1.1 it is enough to show 
that any scattered subset of X has cardinality at most card (JV), since this will imply 
that any selector for (f-‘(y): y E Y} must be non-g-scattered. 
Suppose S c X is scattered and has cardinality K. Then we can write S = {t, : ar < K} 
and find open sets Ua in X such that x, E U, and x, & UP for all p C cy. Since JV is 
a network for X, for each cy, there exists Na E JV such that x, E 6: Ua. Since p<Qr 
implies that x, E NP, the correspondence XJ+ N, is one-to-one. ence the cardinality 
of S is at most card (JV). Cl 
3.3. The proof of Corollary Let X be a cover-analytic regular HausdorfI space 
having net weight at most K, for some infinite cardinal K. Suppose that Y is the 
projection to X of some closed subset F of the ace X x ~~ and that Y 
has more than K points. It is easy to see that F will &en be cover-analy’ic ?rz* :;ave 
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net weight at most K, since the space K~ has weight K. It now follows from Corollary 
1.3 that Y has a compact perfect subset. Cl 
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